Abstract. In this paper, we study complete space-like λ-hypersurfaces in the Lorentzian space R n+1 1 . As the result, we prove some rigidity theorems for these hypersurfaces including the complete space-like self-shrinkers in R n+1 1 .
Introduction
For ε = ±1, let E n+1 ε be the Euclidean space R n+1 (when ε = 1) or the Lorentzian space R n+1 1
(when ε = −1). The standard inner product on E n+1 ε is given by:
Let M be an immersed hypersurface in E then M is called a λ-hypersurface with the weight function s.
When s ≡ 0, the corresponding λ-hypersurfaces reduce to hypersurfaces with constant mean curvature which have been studied extensively. For example, Calabi considered in [1] the maximum space-like hypersurfaces M n in the Lorentzian space R n+1 1
and proposed some Bernstein-type problems for a nonlinear equation; For a given complete space-like hypersurface M in R n+1 1 , it was proved by Xin ( [20] ) that if the image of the Gauss map is inside a bounded subdomain of the hyperbolic n-space H n , then M must be a hyperplane. A similar result was also proved earlier in ( [18] ) with extra assumptions. In [3] , Cao, Shen and Zhu further extended the result by showing that if the image of the Gauss map lies inside a horoball of H n , M is necessarily a hyperplane. Later, Wu ([19] ) generalized the above mentioned results and proved a more general Bernstein theorem for complete space-like hypersurfaces in Lorentzian space with constant mean curvature.
If s is chosen to be constant and λ = 0, M is called a self-shrinker. It is known that self-shrinkers play an important role in the study of the mean curvature flow because they describe all possible blow ups at a given singularity of the mean curvature flow ( [7] ). There are also other mathematicians who have been studying the geometries of self-shrinkers and obtained a lot of interesting theorems, including some gap theorems and rigidity theorems for complete self-shrinkers. Details of this can been found in, for example, [2] , [6] , [9] , [10] , [11] , [12] , [15] etc.
According to [13] , the concept of λ-hypersurfaces in the Euclidean space R n+1 were firstly introduced by M. Mcgonagle and J. Ross with s = with s = 1 2 and proved a Bernstein-type theorem showing that smooth λ-hypersuafaces which are entire graphs and with a polynomial volume growth are necessarily hyperplanes in R n+1 .
If one takes s(X) = −1 in (1.1), the corresponding λ-hypersurfaces are exactly what Q.-M. Cheng and G. Wei defined and studied in [7] , where the authors have successfully introduced a weighted volume functional and proved that the λ-hypersuafaces in the Euclidean space R n+1 are nothing but the critical points of the above functional. Later, Cheng, Ogaza and Wei ( [5] , [8] ) have obtained some rigidity and Bernstein-type theorems for these complete λ-hypersurface. In particular, the following result is proved:
be an n-dimensional complete λ-hypersurface with weight s = −1 and a polynomial area growth. Then, either x is isometric to one of the following embedded hypersurfaces:
(1) the sphere S n (r) ⊂ R n+1 with radius r > 0; (2) the hyperplane
or, there exists some p ∈ M n such that the squared norm S of the second fundamental form of x satisfies
In this paper, we consider space-like λ-hypersurfaces x :
in the Lorentzian space R n+1 1 . We first extend the definitions of λ-hypersurfaces and self-shrinkers to those in R , and then generalize the L-operator that has been effectively used by many authors (see the operatorsL and L defined, respectively in (2.4) and (2.14)). We shall be using these generalized operators to extend Theorem 1.1 to the complete space-like λ-hypersurfaces in R n+1 1
.
Let a be a nonzero constant and denote ǫ = Sgn(a x, x ) where ·, · is the Lorentzian product. We shall study λ-hypersurfaces in R n+1 1 either with weight s = ǫa or with weight s = x, x . For a given hypersurface M , we always use S to denote the squared norm of the second fundamental form, and use A and I to denote the shape operator and the identity map, respectively. Then the rigidity theorems we have proved in this paper are stated as follows:
be a complete space-like λ-hypersurface with s = ǫa. Suppose that x, x does not change sign and
where the differential operator L is defined by (2.4). Then, either x is totally umbilical and thus isometric to one of the following two hypersurfaces:
with an arbitrary sectional curvature c < 0; (2) the Euclidean space R n ⊂ R n+1 1 , or, there exists some p ∈ M n such that, at p
be a complete space-like λ-hypersurface with s = x, x . Suppose that
where the differential operatorL is defined by (2.14). Then, either x is totally umbilical and thus isometric to one of the following two embedded hypersurfaces:
with an arbitrary c < 0; (2) the Euclidean space
or, there exists some p ∈ M n such that
Theorems 1.2 and 1.3 will be proved in Section 3. Before doing this some necessary lemmas are given in Section 2.
As a direct corollariy of Theorem 1.3, we obtain
be a complete space-like λ-hypersurface with s = x, x . Suppose that (1.4) and (1.5) are satisfied. If
then one of the following two conclusions must hold:
, and x is isometric to the hyperbolic space
with r ≥ n 2 1 4 ; (2) λ = 0 and x is isometric to the Euclidean space
Proof. If the condition (1.7) is satisfied for a hypersurface H n (−r −2 ) with r > 0, then by the fact that x = rN we have
If follows that
. As for the Euclidean space R n , λ = 0 is direct by the definition of λ-hypersurfaces.
⊔ ⊓
A similar corollary of Theorem 1.2 can also be derived, which is omitted here.
be a complete space-like λ-hypersurface with s = x, x . Suppose S − H 2 n is constant. If (1.5) and (1.7) are satisfied, then x is isometric to either the hyperbolic space
n is constant, the condition (1.4) in Theorem 1.3 is trivially satisfied. Then Corollary 1.5 follows direct from Theorem 1.4. Remark 1.1. For the special case that λ = 0, that is, for the "self-shrinker" case, the following two conclusions can be easily seen from Theorem 1.4:
be a complete space-like hypersurface self-shrinker with s = x, x . Suppose that (1.4) and (1.5) are satisfied, then x is isometric to one of the following two embedded hypersurfaces:
Proof. When λ = 0, it is clear that (1.7) is trivially satisfied. Furthermore, for a hyperbolic space
n is constant and (1.5) is satisfied, then x is isometric to the either the hyperbolic space
n is constant directly means that (1.4) is trivially satisfied. ⊔ ⊓
Preliminaries and necessary lemmas
Firstly we fix the following convention for the ranges of indices:
be a connected space-like hypersurface of the (n+1)-dimensional Lorentzian space R such that, when restricted to x, e 1 , . . . , e n are tangent to x and thus N := e n+1 is the unit normal vector of x. Then with the connection forms ω B A we have
By restricting these forms to M n and using Cartan's lemma, we have
where h ij are nothing but the components of the second fundamental form h of x, that is,
where ∇ is the Levi-Civita connection of the induced metric and ∇ i := ∇ ei . Then the Gauss equations, Codazzi equations and Ricci identities are given respectively by
2)
where R ijkl are the components of the Riemannian curvature tensor. For a function F defined on M , the covariant derivatives of F are denoted by
Let ∆ be the Laplacian operator of the induced metric on M n . In case that x, x does not change its sign, we can define
where, for any constant a, ǫ = Sgn(a x, x ). Then L is an elliptic operator and
(−ǫa x, x i ) e i , ∇v =△v − ǫa x, ∇v = Lv.
be a complete space-like hypersurface for which x, x does not change its sign. Then, for any C 1 -function u on M n with compact support, it holds that
Proof. By (2.5) we find
Hence there are two cases to be considered:
Case (1): M n is compact without boundary. In this case, we can directly use the divergence theorem to get
Case (2): M n is complete and noncompact. In this case, we can find a geodesic ball B r (o) big enough such that Supp u ⊂ B r (o). It follows that
It follows that
be a complete space-like hypersurface. If u, v are C 2 -functions satisfying
then we have
Proof. Within this proof, we will use square brackets [·] to denote weighted integrals
Given any φ that is C 1 -with compact support, we can apply Lemma 2.1 to φu and v to get
Now we fix one point o ∈ M and, for each j = 1, 2, · · · , let B j be the intrinsic ball of radius j in M n centered at o. Define φ j to be one smooth cutting-off function on M n that cuts off linearly from one to zero between B j and B j+1 . Since |φ j | and |∇φ j | are bounded by one, φ j → 1 and |∇φ j | → 0, as j → +∞. Then the dominated convergence theorem (which applies because of (2.7)) shows that, as j → +∞, we have the following limits:
(2.13) Replacing φ in (2.10) with φ j , we obtain the corollary.
⊔ ⊓
Next we consider the case that s = x, x and definẽ
Then, similar to (2.5), we have for all v ∈ C 2 (M n ), △v + e
is a complete space-like hypersurface, u is a C 1 -function with compact support, and v is a C 2 -function, then
Proof. Using (2.15) we have
dV M n .
(1) If M n is compact without boundary, then by the divergence theorem,
∇v dV M n = 0.
(2) If M n is complete and noncompact, then there exists some geodesic ball B r (o) big enough such that Supp u ⊂ B r (o). It follows that
Proof. The proof here is same as that of Corollary 2.2 and is omitted.
The following lemma is also needed in this paper:
with β a nonnegative constant. Then
Using the Codazzi equation in (2.2) we infer
where
By making use of the Ricci identities and the Gauss-Codazzi equations, we have
Therefore, it holds that
Let λ i be the principal curvatures of x and denote
For any point p ∈ M n , suitably choosing {e 1 , e 2 , · · · , e n } around p such that h ij (p) = λ i (p)δ ij . Then, at the given point p,
By a direct computation with (3.1) and (3.2), we have
Since
we have by Lemma 2.5
where the equality holds if and only if at least n − 1 of µ i s are equal. Consequently,
Because of (1.2), we can apply Corollary 2.2 to functions 1 and
On the other hand, by use of the Codazzi equations and the Schwarz inequality, we find
So that 4) in which the equalities hold if and only if h ijk = 0 for any i, j, k.
If B ≡ 0 and, for all p ∈ M n , (1.3) does not hold, that is
everywhere on M n , then the right hand side of (3.3) is nonnegative. It then follows that
and
on where B = 0. By (3.4) and (3.5), the second fundamental form h of x is parallel. In particular, x is isoparametric and thus both B and H are constant. Since B = 0, the equality (3.6) shows that x is a complete isoparametric space-like hypersurface in R n+1 1 of exactly two distinct principal curvatures one of which is simple. It then follows by [14] and B = 0 that x is isometric to one of the product spaces
. But it is clear that, for both of these two product spaces, the function x, x does change its sign, contradicting the assumption. This contradiction proves that either B ≡ 0, namely, x is totally umbilical and isometric to either of the hyperbolic n-space
and the Euclidean n-space R n ⊂ R Since the idea and method here are the same as those in the proof of Theorem 1.2, we omit the computation detail.
First, by H − x, x x, N = λ, we have
Then by using the Codazzi equation in (2.2), we find
Secondly, by the definition ofL, we find LH =△H − x, x x, ∇H =2n x, N + 2H x, N 2 + 4
i,k h ik X, e i x, e k + H x, x + S(H − λ), Denote by x ⊤ = x, e i e i be the tangential part of the position vector x. Then, as in the proof of Theorem 1.2, we can choose a suitable frame field {e 1 , e 2 , · · · , e n } making diagonal the second fundamental form h ij around each point p ∈ M n , and perform a direct computation using (1.5), (3.7) and (3.8) to obtain 1 2L
where the assumption (1.5) has been used. Once again we use Lemma 2.5 to get 
